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We consider self-consistent coupling of bulk Einstein–Maxwell–Kalb–Ramond system to
codimension-one charged lightlike p-brane with dynamical (variable) tension (LL-brane).
The latter is described by a manifestly reparametrization-invariant worldvolume action
significantly different from the ordinary Nambu–Goto one. We show that the LL-brane is
the appropriate gravitational and charge source in the Einstein–Maxwell–Kalb–Ramond
equations of motion needed to generate a self-consistent solution describing nonsingular

black hole. The latter consists of de Sitter interior region and exterior Reissner–
Nordström region glued together along their common horizon (it is the inner horizon
from the Reissner–Nordström side). The matching horizon is automatically occupied by
the LL-brane as a result of its worldvolume Lagrangian dynamics, which dynamically
generates the cosmological constant in the interior region and uniquely determines the
mass and charge parameters of the exterior region. Using similar techniques we construct
a self-consistent wormhole solution of Einstein–Maxwell system coupled to electrically
neutral LL-brane, which describes two identical copies of a nonsingular black hole region
being the exterior Reissner–Nordström region above the inner horizon, glued together
along their common horizon (the inner Reissner–Nordström one) occupied by the LL-
brane. The corresponding mass and charge parameters of the two black hole “universes”
are explicitly determined by the dynamical LL-brane tension. This also provides an
explicit example of Misner–Wheeler “charge without charge” phenomenon. Finally, this
wormhole solution connecting two nonsingular black holes can be transformed into a
special case of Kantowski–Sachs bouncing cosmology solution if instead of Reissner–
Nordström we glue together two copies of the exterior Reissner–Nordström–de Sitter
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region with big enough bare cosmological constant, such that the radial coordinate be-
comes a timelike variable everywhere in the two “universes,” except at the matching
hypersurface occupied by the LL-brane.

Keywords: Regular black holes; wormholes; non-Nambu–Goto lightlike branes; dynami-
cal brane tension; black hole’s horizon “straddling”.

PACS numbers: 11.25.-w, 04.70.-s, 04.50.+h

1. Introduction

The possibility of “nonsingular black holes” has been pointed out in the past few

decades by numerous authors starting with the early works.1–3 The basic idea is to

replace the standard black hole solutions in the region containing the singularity at

the center of the geometry (r = 0) by regular solutions, which can be realized by

introducing certain “vacuum-like matter” there.4–6 For a systematic recent review

and an extensive list of references, see Ref. 7.

Several approaches to achieve the latter have been proposed in the literature

which basically amount to:

• Regular solutions to Einstein equations smoothly interpolating between de Sitter-

like behavior for small r and Schwarzschild-like, or Reissner–Nordström-like

asymptotic behavior for large r. This can be achieved either by:

(a) choosing a priori an appropriate form for the matter energy–momentum

tensor8–10 on the r.h.s. of Einstein equations without specifying a matter

field Lagrangian from which it could be derived, or

(b) explicit construction of self-consistent solutions to Einstein equations, for

gravity coupled to nonlinear electrodynamics,11–14 i.e. by deriving the per-

tinent energy–momentum tensor from a specific matter Lagrangian. As

shown in Ref. 13, the latter includes the original Bardeen regular black hole

solution.3

A classification scheme for the regular black hole solutions is provided in Ref. 15.

Recently a new approach for constructing regular black holes based on non-

commutative geometry was advocated in Refs. 16–19. The singularity at r = 0 is

removed and replaced by de Sitter core due to the short-distance fluctuations of

the noncommutative coordinates.

Let us also note that similar regular black hole solutions with de Sitter be-

havior at small distances have been previously constructed in the context of

integrable two-dimensional dilaton gravity.20

• Matching of interior de Sitter with exterior Schwarzschild or Reissner–Nordström

geometry across “thin shells,” where the shell dynamics is described in a non-

Lagrangian way. The construction in the early works,6–23 where the matching

occurs on the common horizon of the two geometries (i.e. matching along light-

like hypersurface), has been criticized in Refs. 24–26 (see also the no-go theo-

rem for “false vacuum” black holes27). More specifically Ref. 26 points out the
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occurrence of discontinuity of the pressure in Refs. 21–23 across the horizon

separating de Sitter and Schwarzschild regions. On the other hand, it has been

shown (Ref. 28, p. 119) that interior de Sitter and exterior Reissner–Nordström

regions can be consistently joined along common horizon without discontinuities

in the metric and its first derivative (i.e. with no δ-function singularities in the

Einstein equations), provided the common horizon is the inner horizon from the

Reissner–Nordström side.

One should also mention the Frolov–Markov–Mukhanov model29,30 (see also

Ref. 31) where de Sitter and Schwarzschild regions are matched along spacelike

spherically symmetric surface layer.

In the present paper we will pursue a different approach aimed at deriving non-

singular black holes via matching of appropriate geometries along lightlike hyper-

surfaces in a self-consistent manner from first principles. Namely, we will explore

the novel possibility of employing (charged) lightlike branes (LL-branes) (sometimes

also called “null branes”) as natural self-consistent gravitational sources generating

singularity-free black hole solutions from a well-defined Lagrangian action principle

for bulk gravity–matter systems coupled to LL-branes. This is achieved:

(a) through the appearance in the self-consistent bulk gravity–matter equations of

motion of well-defined LL-brane stress–energy tensor derived from underlying

reparametrization invariant worldvolume LL-brane action, as well as

(b) through dynamical generation by the LL-brane of space–time varying cosmo-

logical constant.

The systematic Lagrangian action derivation of nonsingular black hole solu-

tions through matching across LL-brane is the main feature which distinguishes

our present approach from the previously proposed approaches using “thin shell”

matching. In particular, as it will be shown below (Eqs. (62)) the problem with

pressure discontinuity across the horizon pointed out in Ref. 26 does not appear in

our approach.

LL-branes by themselves play an important role in general relativity as they

enter the description of various physically important cosmological and astrophysical

phenomena such as: (i) impulsive lightlike signals arising in cataclysmic astrophys-

ical events;28 (ii) the “membrane paradigm”32 of black hole physics; (iii) the thin-

wall approach to domain walls coupled to gravity.33–35 More recently, LL-branes

became significant also in the context of modern nonperturbative string theory, in

particular, as the so-called H-branes describing quantum horizons (black hole and

cosmological),36 as Penrose limits of baryonic D-branes,37 etc. (see also Refs. 38

and 39).

In the pioneering papers33–35 LL-branes in the context of gravity and cosmology

have been extensively studied from a phenomenological point of view, i.e. by in-

troducing them without specifying the Lagrangian dynamics from which they may
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originate.a On the other hand, we have proposed in a series of recent papers41–49 a

new class of concise Lagrangian actions, providing a derivation from first principles

of the LL-brane dynamics.

There are several characteristic features of LL-branes which drastically distin-

guish them from ordinary Nambu–Goto branes:

(i) They describe intrinsically lightlike modes, whereas Nambu–Goto branes de-

scribe massive ones.

(ii) The tension of the LL-brane arises as an additional dynamical degree of free-

dom, whereas Nambu–Goto brane tension is a given ad hoc constant. The

latter characteristic feature significantly distinguishes our LL-brane models

from the previously proposed tensionless p-branes (for a review, see Ref. 50)

which rather resemble a p-dimensional continuous distribution of massless

point-particles.

(iii) Consistency of LL-brane dynamics in a spherically or axially symmetric gravi-

tational background of codimension one requires the presence of an event hori-

zon which is automatically occupied by the LL-brane (“horizon straddling”

according to the terminology of Ref. 34).

(iv) When the LL-brane moves as a test brane in spherically or axially symmetric

gravitational backgrounds its dynamical tension exhibits exponential “infla-

tion/deflation” time behavior45,46 — an effect similar to the “mass inflation”

effect around black hole horizons.51,52

A simple way to realize a nonsingular black hole is to consider an interior de

Sitter space–time region matched to an exterior black hole region. In this context

a particularly attractive mechanism for achieving such matching is provided by the

LL-brane in view of the inherent “horizon straddling” property of its dynamics and

the dynamical (variable) nature of its tension (properties (ii) and (iii) listed above).

The plan of the present paper is as follows. In Sec. 2 we consider self-consistent

systems of bulk gravity and matter (Maxwell plus Kalb–Ramond gauge fields) inter-

acting with (charged) LL-branes. On the way we briefly review our construction

of reparametrization invariant LL-brane worldvolume actions for arbitrary world-

volume dimensions.

In Sec. 3 we discuss the properties of LL-brane equations of motion resulting

from the LL-brane worldvolume action, including the couplings to the bulk electro-

magnetic and Kalb–Ramond gauge fields.

In Sec. 4 we consider the main features of LL-brane dynamics in spherically

symmetric backgrounds, namely: (a) “horizon straddling,” (b) producing Coulomb

field in the exterior region (above the horizon), and (c) dynamical generation of

space–time varying bulk cosmological constant (acquiring different values below

and above the horizon).

aIn a more recent paper40 brane actions in terms of their pertinent extrinsic geometry have been
proposed which generically describe non-lightlike branes, whereas the lightlike branes are treated
as a limiting case.
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In Sec. 5 we present the explicit construction of a solution to the system of cou-

pled Einstein–Maxwell–Kalb–Ramond–LL-brane equations with spherically sym-

metric geometry, which describes nonsingular black hole. The pertinent space–time

manifold consists of two regions separated by a codimension-one lightlike hyper-

surface — the worldvolume of the LL-brane brane, which is simultaneously a

common horizon of the interior region with de Sitter geometry and the exterior

Reissner–Nordström (or Reissner–Nordström–de Sitter) region. Moreover, the LL-

brane occupying the common horizon dynamically generates the cosmological con-

stant in the interior region and uniquely determines the mass and charge parameters

of the exterior region. Here a fundamental role is being played by the dynamical

(variable) tension of the LL-brane, which in this particular solution turns out to

vanish on-shell.

The resulting solution is indeed a nonsingular black hole although no violation

of the weak energy condition occurs. This fact is in accordance with the observation

in Refs. 53 and 54 that existence of nonsingular black holes is possible provided a

topology change of the spacial sections takes place.

Section 6 is devoted to the construction of a self-consistent solution of Einstein–

Maxwell system coupled to electrically neutral LL-brane, which describes worm-

hole connecting two nonsingular black hole regions (for an extensive general review

of wormholes, see Ref. 55). The corresponding space–time manifold consists of

two identical copies of the exterior Reissner–Nordström region above the inner

Reissner–Nordström horizon, glued together by the LL-brane which automatically

occupies their common horizon (the inner Reissner–Nordström one). The corre-

sponding mass and charge parameters of the two Reissner–Nordström “universes”

are explicitly determined by the dynamical LL-brane tension, which in this solu-

tion turns out to be strictly nonvanishing on-shell. The above wormhole solution

also provides an explicit example of Misner–Wheeler “charge without charge” phe-

nomenon.56 Here, however, a violation of the null energy condition takes place (the

LL-brane being an “exotic matter”) as predicted by general wormhole arguments

(cf. Ref. 55).

In Sec. 7 the wormhole solution connecting two nonsingular black holes obtained

in Sec. 6 is transformed into a cosmological bouncing solution — a special case of

Kantowski–Sachs cosmology,57 by considering Reissner–Nordström–de Sitter geo-

metry with big enough bare cosmological constant, i.e. possessing one single hori-

zon. Namely, the resulting space–time manifold consists of two identical copies

of the exterior Reissner–Nordström–de Sitter space–time region (two identical

“universes”) glued together along their common horizon occupied by the LL-

brane, where the Reissner–Nordström–de Sitter radial coordinate becomes time-

like coordinate in both “universes” except at the matching hypersurface (the

LL-brane).

In the Appendix we describe in some detail the equivalence of LL-brane

dynamics derived from the Nambu–Goto-type worldvolume action (Eq. (11) below)

dual to the original Polyakov-type worldvolume action (Eq. (4) below).
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2. Lagrangian Formulation of Einstein Maxwell Kalb Ramond

System Interacting with Lightlike Brane

Self-consistent bulk Einstein–Maxwell–Kalb–Ramond system coupled to a charged

codimension-one lightlike p-brane (i.e. D = (p+1)+1) is described by the following

action:

S =

∫

dDx
√
−G

[

R(G)

16π
− 1

4
FµνFµν − 1

D!2
Fµ1···µD

Fµ1···µD

]

+ S̃LL . (1)

Here Fµν = ∂µAν − ∂νAµ and

Fµ1···µD
= D∂[µ1

Aµ2···µD ] = F
√
−Gεµ1···µD

(2)

are the field-strengths of the electromagnetic Aµ and Kalb–Ramond Aµ1···µD−1

gauge potentials.58,59 The last term on the r.h.s. of (1) indicates the reparametriza-

tion invariant worldvolume action of the LL-brane coupled to the bulk gauge fields,

proposed in our previous papers:41–49

S̃LL = SLL − q

∫

dp+1σ εab1···bpFb1···bp
∂aXµAµ

− β

(p + 1)!

∫

dp+1σ εa1···ap+1∂a1X
µ1 · · · ∂ap+1X

µp+1Aµ1···µp+1 , (3)

where

SLL =

∫

dp+1σ Φ

[

− 1

2
γabgab + L(F 2)

]

. (4)

In Eqs. (3), (4) the following notions and notations are used:

• Φ is alternative non-Riemannian integration measure density (volume form) on

the p-brane worldvolume manifold:

Φ ≡ 1

(p + 1)!
εa1···ap+1Ha1···ap+1(B) , Ha1···ap+1(B) = (p + 1)∂[a1

Ba2···ap+1] (5)

instead of the usual
√−γ. Here εa1···ap+1 is the alternating symbol (ε01···p = 1),

γab (a, b = 0, 1, . . . , p) indicates the intrinsic Riemannian metric on the world-

volume, and γ = det ‖γab‖. Ha1···ap+1(B) denotes the field-strength of an auxiliary

worldvolume antisymmetric tensor gauge field Ba1···ap
of rank p. As a special

case one can build Ha1···ap+1 in terms of p+1 auxiliary worldvolume scalar fields
{

ϕI
}p+1

I=1
:

Ha1···ap+1 = εI1···Ip+1∂a1ϕ
I1 · · · ∂ap+1ϕ

Ip+1 . (6)

Note that γab is independent of the auxiliary worldvolume fields Ba1···ap
or ϕI .

The alternative non-Riemannian volume form (5) has been first introduced in

the context of modified standard (non-lightlike) string and p-brane models in

Refs. 60 and 61.
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• Xµ(σ) are the p-brane embedding coordinates in the bulk D-dimensional space–

time with bulk Riemannian metric Gµν(X) with µ, ν = 0, 1, . . . , D − 1; (σ) ≡
(σ0 ≡ τ, σi) with i = 1, . . . , p; ∂a ≡ ∂

∂σa .

• gab is the induced metric on worldvolume:

gab ≡ ∂aXµ∂bX
νGµν(X) , (7)

which becomes singular on-shell (manifestation of the lightlike nature, cf. Eq. (20)

below).

• L(F 2) is the Lagrangian density of another auxiliary (p− 1)-rank antisymmetric

tensor gauge field Aa1···ap−1 on the worldvolume with p-rank field-strength and

its dual:

Fa1···ap
= p∂[a1

Aa2···ap] , F ∗a =
1

p!

εaa1···ap

√−γ
Fa1···ap

. (8)

L(F 2) is arbitrary function of F 2 with the short-hand notation:

F 2 ≡ Fa1···ap
Fb1···bp

γa1b1 · · · γapbp . (9)

Rewriting the action (4) in the following equivalent form:

S = −
∫

dp+1σ χ
√−γ

[

1

2
γab∂aXµ∂bX

νGµν(X) − L(F 2)

]

, χ ≡ Φ√−γ
(10)

with Φ the same as in (5), we find that the composite field χ plays the role of a

dynamical (variable) brane tension. Let us note that the notion of dynamical brane

tension has previously appeared in different contexts in Refs. 62–64.

Remark. It has been shown in Refs. 47–49 that the LL-brane equations of motion

corresponding to the Polyakov-type action (4) (or (10)) can be equivalently obtained

from the following dual Nambu–Goto-type action:

SNG = −
∫

dp+1σ T

√

∣

∣

∣

∣

det ‖gab − ε
1

T 2
∂au∂bu‖

∣

∣

∣

∣

, ε = ±1 . (11)

Here T is dynamical tension simply proportional to the dynamical tension in the

Polyakov-type formulation (4)
(

T ∼ χ = Φ√−γ

)

, and u denotes the dual potential

w.r.t. Aa1···ap−1 :

F ∗
a (A) = const

1

χ
∂au . (12)

Further details about the dynamical equivalence between the Polyakov-type and

Nambu–Goto-type worldvolume Lagrangian formulation of LL-branes are contained

in the Appendix. In the subsequent Secs. 3–5 we will consider the original Polyakov-

type action (4).
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The pertinent Einstein–Maxwell–Kalb–Ramond equations of motion derived

from the action (1) read:

Rµν − 1

2
GµνR = 8π

(

T
(EM)
µν + T

(KR)
µν + T

(brane)
µν

)

, (13)

∂ν

(√
−GFµν

)

+ q

∫

dp+1σ δ(D)(x − X(σ))εab1···bpFb1···bp
∂aXµ = 0 , (14)

ενµ1···µp+1∂νF − β

∫

dp+1σ δ(D)(x − X(σ))εa1···ap+1∂a1X
µ1 · · · ∂ap+1X

µp+1 = 0 ,

(15)

where in the last equation we have used relation (2). The explicit form of the

energy–momentum tensors read:

T (EM)
µν = FµκFνλGκλ − Gµν

1

4
FρκFσλGρσGκλ , (16)

T (KR)
µν =

1

(D − 1)!

[

Fµλ1···λD−1Fν
λ1···λD−1 − 1

2D
GµνFλ1···λD

Fλ1···λD

]

= −1

2
F2Gµν , (17)

T (brane)
µν = −GµκGνλ

∫

dp+1σ
δ(D)(x − X(σ))√

−G
χ
√−γγab∂aXκ∂bX

λ , (18)

where the brane stress–energy tensor is straightforwardly derived from the world-

volume action (4) (or, equivalently, (10); recall χ ≡ Φ√
−γ

is the variable brane

tension).

Equations (14) and (15) show that:

(i) the LL-brane is charged source for the bulk electromagnetism;

(ii) the LL-brane uniquely determines the value of F2 in Eq. (17) through its cou-

pling to the bulk Kalb–Ramond gauge field (Eq. (15)) which implies dynamical

generation of bulk cosmological constant Λ = 4πF2.

The equations of motion of the LL-brane are discussed in some detail in the

next section.

3. Lightlike Brane Dynamics

The equations of motion derived from the brane action (4) w.r.t. Ba1···ap
are

∂a

[

1

2
γcdgcd − L(F 2)

]

= 0 → 1

2
γcdgcd − L(F 2) = M , (19)

where M is an arbitrary integration constant. The equations of motion w.r.t. γab

read:

1

2
gab − F 2L′(F 2)

[

γab −
F ∗

a F ∗
b

F ∗2

]

= 0 , (20)

where F ∗ a is the dual worldvolume field strength (8).
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Remark 1. Before proceeding, let us mention that both the auxiliary worldvolume

p-form gauge field Ba1···ap
entering the non-Riemannian integration measure den-

sity (5), as well as the intrinsic worldvolume metric γab are nondynamical degrees

of freedom in the action (4), or equivalently, in (10). Indeed, there are no (time-)

derivatives w.r.t. γab, whereas the action (4) (or (10)) is linear w.r.t. the velocities

∂0Ba1···ap
. Thus, (4) is a constrained dynamical system, i.e. a system with gauge

symmetries including the gauge symmetry under worldvolume reparametrizations,

and both Eqs. (19), (20) are in fact nondynamical constraint equations (no second-

order time derivatives present). Their meaning as constraint equations is best under-

stood within the framework of the canonical Hamiltonian formalism for the action

(4). Using the latter formalism one can also show that the auxiliary worldvolume

(p− 1)-form gauge field Aa1···ap−1 (8) is nondynamical. The canonical Hamiltonian

formalism for the action (4) can be developed in strict analogy with the Hamiltonian

formalism for a simpler class of modified non-lightlike p-brane models based on the

alternative non-Riemannian integration measure density (5), which was previously

proposed in Ref. 65 (for details, we refer to Secs. 2 and 3 of Ref. 65). In particular,

Eqs. (20) can be viewed as p-brane analogues of the string Virasoro constraints.

There are two important consequences of Eqs. (19), (20). Taking the trace in (20)

and comparing with (19) implies the following crucial relation for the Lagrangian

function L(F 2):

L(F 2) − pF 2L′(F 2) + M = 0 , (21)

which determines F 2 (9) on-shell as certain function of the integration constant M

(19), i.e.

F 2 = F 2(M) = const . (22)

The second and most profound consequence of Eqs. (20) is that the induced

metric (7) on the worldvolume of the p-brane model (4) is singular on-shell (as

opposed to the induced metric in the case of ordinary Nambu–Goto branes):

gabF
∗b = 0 , (23)

i.e. the tangent vector to the worldvolume F ∗ a∂aXµ is lightlike w.r.t. metric of

the embedding space–time. Thus, we arrive at the following important conclusion:

every point on the surface of the p-brane (4) moves with the speed of light in a time-

evolution along the vector-field F ∗a which justifies the name LL-brane (lightlike

brane) model for (4).

Remark 2. Let us stress the importance of introducing the alternative non-

Riemannian integration measure density in the form (5). If we would have started

with worldvolume LL-brane action in the form (10) where the tension χ would be

an elementary scalar field (instead of being a composite one — a ratio of two scalar

densities as in the second relation in (10)), then variation w.r.t. χ would produce

second Eq. (19) with M identically zero. This in turn by virtue of the constraint
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(21) (with M = 0) would require the Lagrangian L(F 2) to assume the special

fractional power function form L(F 2) = (F 2)1/p. In this special case the action

(10) with elementary field χ becomes in addition manifestly invariant under Weyl

(conformal) symmetry : γab −→ γ′
ab = ρ γab, χ −→ χ′ = ρ

1−p

2 χ. This special case

of Weyl-conformally invariant LL-branes has been discussed in our older papers

(Refs. 41 and 42).

Let us point out that supplementing the LL-brane action (4) with natural cou-

plings to bulk Maxwell and Kalb–Ramond gauge fields, as explicitly given by the

worldvolume action in Eq. (3), does not affect Eqs. (19) and (20), so that the con-

clusions about on-shell constancy of F 2 (22) and the lightlike nature (23) of the

p-branes under consideration remain unchanged. In what follows we will consider

the extended LL-brane worldvolume action (3).

It remains to write down the equations of motion w.r.t. auxiliary worldvolume

gauge field Aa1···ap−1 and Xµ produced by the LL-brane action (3):

∂[a

(

F ∗
b]χL′(F 2)

)

+
q

4
∂aXµ∂bX

νFµν = 0 , (24)

∂a

(

χ
√−γγab∂bX

µ
)

+ χ
√−γγab∂aXν∂bX

λΓµ
νλ − qεab1···bpFb1···bp

∂aXνFλνGλµ

− β

(p + 1)!
εa1···ap+1∂a1X

µ1 · · ·∂ap+1X
µp+1Fλµ1...µp+1G

λµ = 0 . (25)

Here χ is the dynamical brane tension as in (10), Fλµ1...µp+1 is the Kalb–Ramond

field-strength (2),

Γµ
νλ =

1

2
Gµκ(∂νGκλ + ∂λGκν − ∂κGνλ) (26)

is the Christoffel connection for the external metric, and L′(F 2) denotes derivative

of L(F 2) w.r.t. the argument F 2.

Worldvolume reparametrization invariance allows us to introduce the standard

synchronous gauge-fixing conditions:

γ0i = 0 (i = 1, . . . , p) , γ00 = −1 . (27)

Also, we will use a natural ansatz for the “electric” part of the auxiliary worldvolume

gauge field-strength (8):

F ∗i = 0 (i = 1, . . . , p) i.e. F0i1···ip−1 = 0 , (28)

meaning that we choose the lightlike direction in Eq. (23) to coincide with the brane

proper-time direction on the worldvolume (F ∗a∂a ∼ ∂τ ). The Bianchi identity

(∇aF ∗a = 0) together with (27), (28) and the definition for the dual field-strength

in (8) imply:

∂0γ
(p) = 0 , where γ(p) ≡ det ‖γij‖ . (29)



March 31, 2010 16:34 WSPC/139-IJMPA S0217751X10049062

Nonsingular Black Holes from Gravity–Matter-Brane Lagrangians 1581

Then the LL-brane equations of motion acquire the form (recall definition of the

induced metric gab (7)):

g00 ≡ ẊµGµνẊν = 0 , g0i = 0 , gij − 2a0 γij = 0 (30)

(the latter are analogs of Virasoro constraints in standard string theory), where a0

is a M -dependent constant:

a0 ≡ F 2L′(F 2)|F 2=F 2(M) ; (31)

∂iχ +
q

a1
∂0X

µ∂iX
νFµν = 0 , ∂iX

µ∂jX
νFµν = 0 , (32)

with

a1 ≡ 2

√

F 2

p!
L′(F 2)

∣

∣

∣

∣

∣

F 2=F 2(M)

= const , (33)

−
√

γ(p)∂0(χ∂0X
µ) + ∂i

(

χ
√

γ(p)γij∂jX
µ
)

+ χ
√

γ(p)(−∂0X
ν∂0X

λ + γkl∂kXν∂lX
λ)Γµ

νλ − q
√

p!F 2
√

γ(p)∂0X
νFλνGλµ

− β

(p + 1)!
Fεa1···ap+1∂a1X

µ1 · · · ∂ap+1X
µp+1ελµ1···µp+1

√
−GGλµ = 0 . (34)

Let us recall that F 2 = const (Eq. (22)).

4. Lightlike Brane in Spherically Symmetric Backgrounds

In what follows we will be interested in static spherically symmetric solutions to

Einstein–Maxwell–Kalb–Ramond equations (13)–(15). The generic form of spheri-

cally symmetric metric in Eddington–Finkelstein coordinates66,67 reads

ds2 = −A(r)dv2 + 2dv dr + C(r)hij (θ)dθi dθj , (35)

where hij indicates the standard metric on Sp. We will consider the simplest ansatz

for the LL-brane embedding coordinates:

X0 ≡ v = τ , X1 ≡ r = r(τ) , X i ≡ θi = σi (i = 1, . . . , p) . (36)

Now, the LL-brane equations (30) together with (29) yield

− A(r) + 2ṙ = 0 , ∂τC = ṙ∂rC|r=r(τ) = 0 , (37)

implying

ṙ = 0 → r = r0 = const , A(r0) = 0 . (38)

Equation (38) tells us that consistency of LL-brane dynamics in a spherically sym-

metric gravitational background of codimension one requires the latter to possess

a horizon (at some r = r0), which is automatically occupied by the LL-brane

(“horizon straddling” according to the terminology of Ref. 34). Similar property —
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“horizon straddling,” has also been found for LL-branes moving in rotating axially

symmetric (Kerr or Kerr–Newman) and rotating cylindrically symmetric black hole

backgrounds (Refs. 47 and 49).

Next, the Maxwell coupling of the LL-brane produces via Eq. (14) static

Coulomb field in the outer region beyond the horizon. Namely, inserting in Eq. (14)

the embedding ansatz (36) together with (38) and accounting for (27)–(30) we

obtain

∂r

(

Cp/2(r)Fvr(r)
)

− q

√

p!F 2

(2a0)p/2
Cp/2(r0)δ(r − r0) = 0 , (39)

which yields for the Maxwell field-strength:

Fvr(r) =

(

C(r0)

C(r)

)p/2
q
√

p!F 2

(2a0)p/2
θ(r − r0) . (40)

Taking into account the Coulomb form of the bulk Maxwell field-strength (40)

together with (36) and (38), we obtain that LL-brane equations (32) reduce to

simply ∂iχ = 0.

Using again the embedding ansatz (36) together with (38) as well as (27)–(30),

the Kalb–Ramond equations of motion (15) reduce to

∂rF + βδ(r − r0) = 0 → F = F(+)θ(r − r0) + F(−)θ(r0 − r) , (41)

F(±) = const , F(−) −F(+) = β . (42)

Therefore, a space–time varying nonnegative cosmological constant is dynami-

cally generated in both exterior and interior regions w.r.t. the horizon at r = r0

(cf. Eq. (17)):

Λ(±) = 4πF2
(±) . (43)

Finally, it remains to consider the second order (w.r.t. proper time derivative)

Xµ equations of motion (34). Upon inserting the embedding ansatz (36) together

with (38) and taking into account (30), (40) and (42), we find that the only non-

trivial equations is for µ = v. Before proceeding let us note that the “force” terms

in the Xµ equations of motion (34) (the geodesic ones containing the Christoffel

connection coefficients as well as those coming from the LL-brane coupling to the

bulk Maxwell and Kalb–Ramond gauge fields) contain discontinuities across the

horizon occupied by the LL-brane. The discontinuity problem is resolved following

the approach in Ref. 33 (see also the regularization approach in Ref. 68, App. A) by

taking mean values of the “force” terms across the discontinuity at r = r0. Thus,

we obtain from Eq. (34) with µ = v:

∂τχ + χ

[

1

4

(

∂rA(+) + ∂rA(−)

)

+ pa0∂r ln C

]

r=r0

+
1

2

[

−q2 p!F 2

(2a0)p/2
+ β(2a0)

p/2
(

F(−) + F(+)

)

]

= 0 . (44)
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5. Nonsingular Black Hole Solution

Let us go back to the Einstein equations of motion (13), where the LL-brane energy–

momentum tensor (18), upon inserting the expressions for Xµ(σ) from (36) and

(38), and taking into account (27), (29) and (30), acquires the form:

T
µν
(brane) = Sµν δ(r − r0) (45)

with surface energy–momentum tensor:

Sµν ≡ χ

(2a0)p/2
[∂τXµ∂τXν − 2a0G

ij∂iX
µ∂jX

ν ]v=τ, r=r0, θi=σi . (46)

Here again a0 is the integration constant parameter appearing in the LL-brane

dynamics (31) and Gij = C(r)hij (θ). For the nonzero components of Sµν (with

lower indices) and its trace we find:

Srr =
χ

(2a0)p/2
, Sij = − χ

(2a0)p/2−1
Gij , Sλ

λ = − pχ

(2a0)p/2−1
. (47)

The solutions to the other bulk space–time equations of motion (the Maxwell (14)

and Kalb–Ramond (15)) with spherically symmetric geometry have already been

given in the previous section, see Eqs. (39)–(42).

For the sake of simplicity we will consider in what follows the case of (D = 4)-

dimensional bulk space–time and, correspondingly, p = 2 for the LL-brane. The

generalization to arbitrary D is straightforward. For further simplification of the

numerical constant factors we will choose the following specific form for the Lagran-

gian of the auxiliary nondynamical worldvolume gauge field (cf. Eqs. (8), (9)):

L(F 2) =
1

4
F 2 → a0 = M , (48)

where a0 is the constant defined in (31) and M denotes the original integration

constant in Eqs. (19) and (21).

We will show that there exists a spherically symmetric solution of the Ein-

stein equations of motion (13) with LL-brane energy–momentum tensor on the

r.h.s. given by (46), (47) — systematically derived from the reparametrization

invariant LL-brane worldvolume action (4), which describes a nonsingular black

hole. Namely, this solutions describes a space–time consisting of two spherically

symmetric regions — an interior de Sitter region (for r < r0) and an exterior

Reissner–Nordström (or Reissner–Nordström–de Sitter) region (for r > r0) matched

along common horizon at r = r0, where r0 is the inner horizon from the Reissner–

Nordström side and which is automatically occupied by the LL-brane (“horizon

straddling”) as shown in Eqs. (37), (38) above. Moreover:

(a) The surface charge density q of the LL-brane (cf. (14) and (39)) explicitly

determines the nonzero Coulomb field-strength in the exterior region r > r0

(Eq. (40)) so that the Reissner–Nordström charge parameter is given explicitly

by (for D = 4 space–time dimensions):

Q2 =
8π

a0
q2r4

0 . (49)
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(b) As shown in Eqs. (41)–(43), the LL-brane through its coupling to the bulk

Kalb–Ramond field (cf. (3) and (15)) dynamically generates space–time varying

nonnegative cosmological constant with a jump across the horizon (r = r0).

In particular, we will consider the case of vanishing cosmological constant in

the exterior region (r > r0) (pure Reissner–Nordström geometry) which leaves

a dynamically generated de Sitter geometry below the horizon (r < r0), i.e.

Λ(−) = 4πβ2.

In Eddington–Finkelstein coordinates the nonsingular black hole is given by

ds2 = −A(r)dv2 + 2dv dr + r2hij(θ)dθi dθj , (50)

A(r) ≡ A(−)(r) = 1 − 4π

3
F2

(−)r
2 , for r < r0 , (51)

A(r) ≡ A(+)(r) = 1 − 2m

r
+

Q2

r2
− 4π

3
F2

(+)r
2 , for r > r0 , (52)

where F(±) and Q2 is given by (42) and (49), respectively, and where r0 is the

common horizon:

A(−)(r0) = 0 , A(+)(r0) = 0 , r0 = m −
√

m2 − Q2 (for F(+) = 0) . (53)

Since the above metrics obviously solve Einstein equations (13) in their respec-

tive interior (r < r0) and exterior (r > r0) regions, it only remains to study their

matching along the common horizon (r = r0).

The systematic formalism for matching different bulk space–time geometries

on codimension-one timelike hypersurfaces (“thin shells”) was developed originally

in Ref. 33 and later generalized in Ref. 34 to the case of lightlike hypersurfaces

(“null thin shells”) (for a systematic introduction, see the textbook Ref. 69). In

the present case, due to the simple geometry (spherical symmetry and matching on

common horizon) one can straightforwardly isolate the terms from the Ricci tensor

on the l.h.s. of Einstein equations (13) which may yield delta-function contributions

(∼ δ(r − r0)) to be matched with the components of the LL-brane surface stress–

energy tensor (45), (46).

Since the metric (50)–(52) is continuous at r = r0 (due to Eq. (53)), but its first

derivative w.r.t. r (the normal coordinate w.r.t. horizon) might exhibit discontinuity

across r = r0, the terms contributing to δ-function singularities in Rµν are those

containing second derivatives w.r.t. r. Separating explicitly the latter we can rewrite

Eqs. (13) in the following form (here we take D = 4 and p = 2):

Rµν ≡ ∂rΓ
r
µν − ∂µ∂ν ln

√
−G + nonsingular terms

= 8π

(

Sµν − 1

2
GµνSλ

λ

)

δ(r − r0) + nonsingular terms . (54)

For (µ, ν) = (r, r) the r.h.s. of Eq. (54) has nonzero δ-function contribution due

to the nonzero component Srr = χ
2a0

(cf. Eqs. (47)) while on the l.h.s. Γr
rr =

0 for the metric (50) and
√
−G = r2 is a smooth function across r = r0, i.e.
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there is no δ(r − r0) contribution on the l.h.s. Therefore, the matching dictates

that the dynamical LL-brane tension χ must vanish on-shell in the solution under

consideration.

Then, Eq. (54) for (µ, ν) = (v, r) yields

∂rA(+)

∣

∣

r=r0
− ∂rA(−)

∣

∣

r=r0
= 0 . (55)

Let us note that in spite of the continuity of the metric (50) and its first derivative

w.r.t. r across the horizon (r = r0) (Eqs. (53) and (55)), the matching is not

completely smooth since the higher derivatives of (50) are discontinuous there.

Finally, taking into account that χ = 0 on-shell, Eq. (44) yields a second relation

between the dynamically generated cosmological constants below and above the

horizon (here p = 2):

F(−) + F(+) =
2q2

a0β
, (56)

with together with (42) completely determines F(±) as functions of the LL-brane

charge and Kalb–Ramond coupling parameters:

F(±) =
q2

a0β
∓ β

2
. (57)

Solving the matching equations (53), (55) we get

r0 =
1

√

K(−)

, m =
2

√

K(−)

(

1 − K(+)

K(−)

)

, Q2 =
3

K(−)

(

1 − K(+)

K(−)

)

, (58)

where (cf. Eqs. (57))

K(±) ≡
4π

3
F2

(±) =
4π

3

(

q2

a0β
∓ β

2

)2

, (59)

and the expression for Q2 in (58) is identical to that in Eq. (49).

In particular, choosing the LL-brane integration constant a0 = 2 q2

β2 we have

from (57):

F− = β , F(+) = 0 , (60)

i.e. vanishing dynamical cosmological constant above horizon. In this special case

of interior de Sitter region matched to pure Reissner–Nordström exterior region

Eqs. (58) simplify to the followings:

r0 =
1√
K

, m =
2√
K

, Q2 =
3

K
, with K =

4π

3
β2 . (61)

It is now straightforward to check the absence of pressure discontinuity across

the matching horizon. Indeed, using the relations (40) and (43), (57) for the LL-

brane-generated exterior Coulomb field-strength and space–time-varying cosmo-

logical constant and inserting them into the expressions for the corresponding
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energy–momentum tensors (16), (17) we obtain for the mixed diagonal
(

r
r

)

compo-

nents of the latter at the common horizon:

(

T interior
dS

)r

r
=

(

T exterior
RN+dS

)r

r
= −1

2

(

q2

a0β
+

β

2

)2

. (62)

Similar conclusion about absence of discontinuity in the energy density across the

matching horizon is true as well, since in the present case T 0
0 = T r

r in both regions.

6. Wormhole Connecting Two Nonsingular Black Holes

Let us now consider a self-consistent bulk Einstein–Maxwell system (without cosmo-

logical constant) free of electrically charged matter, coupled to a electrically neutral

LL-brane:

S =

∫

dDx
√
−G

[

R(G)

16π
− 1

4
FµνFµν

]

+ SLL , (63)

where SLL is the same as in (4) (Polyakov-type LL-brane action) or in (A.1)

(Nambu–Goto-type LL-brane action). The pertinent Einstein–Maxwell equations

of motion read:

Rµν − 1

2
GµνR = 8π

(

T (EM)
µν + T (brane)

µν

)

, ∂ν

(√
−GGµκGνλFκλ

)

= 0 , (64)

where T
(EM)
µν is given by (16) and T

(brane)
µν is the same as in (18) or, equivalently,

(A.12).

Using the general formalism for constructing self-consistent spherically sym-

metric or rotating cylindrical wormhole solutions via LL-branes presented in Ref. 49,

we will now construct traversable (w.r.t. the proper time of traveling observer, see

below) wormhole solution to the Einstein equations (64) which:

(a) will connect two identical nonsingular black hole space–time regions — two

copies of the exterior Reissner–Nordström region above the inner Reissner–

Nordström horizon;

(b) will combine the features of the Einstein–Rosen “bridge” in its original formula-

tion70 (wormhole throat at horizon)b and the feature “charge without charge”

of Misner–Wheeler wormholes.56

bLet us particularly emphasize that the Einstein–Rosen “bridge” in its original formulation70

is a four-dimensional space–time manifold consisting of two copies of the exterior Schwarzschild
space–time region matched along the horizon. On the other hand, the nomenclature of “Einstein–
Rosen bridge” in several standard textbooks (e.g. Ref. 71) uses the Kruskal–Szekeres manifold and
it is not equivalent to the original construction in Ref. 70. Namely, the two regions in Kruskal–
Szekeres space–time corresponding to the outer Schwarzschild space–time region (r > 2m) and
labeled (I) and (III) in Ref. 71 are generally disconnected and share only a two-sphere (the angular
part) as a common border (U = 0, V = 0 in Kruskal–Szekeres coordinates), whereas in the
original Einstein–Rosen “bridge” construction the boundary between the two identical copies of
the outer Schwarzschild space–time region (r > 2m) is a three-dimensional hypersurface (r = 2m).
For discussion on the role of LL-brane as matter source of the original Einstein–Rosen “bridge”
wormhole, see Ref. 78.
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In doing this we will follow the standard procedure described in Ref. 55, but

with the significant difference that in our case we will solve Einstein equations

following from a well-defined Lagrangian action ((63) with (4) or (A.1)) describing

self-consistent bulk gravity–matter system coupled to a LL-brane. In other words,

the LL-brane will serve as a gravitational source of the wormhole by locating itself

on its throat as a result of its consistent worldvolume dynamics (Eq. (38) above).

Let us introduce the following modification of the standard Reissner–Nordström

metric in Eddington–Finkelstein coordinates:

ds2 = −Ã(η)dv2 + 2dv dη + r̃2(η)hij(~θ)dθi dθj , (65)

Ã(η) ≡ A(r̃(η)) = 1 − 2m

r̃(η)
+

Q2

r̃2(η)
, r̃(η) = r(−) + |η| , (66)

where

r(−) ≡ m −
√

m2 − Q2 , −∞ < η < ∞ . (67)

From now on the bulk space–time indices µ, ν will refer to (v, η, θi) instead of

(v, r, θi). The new metric (65), (66) represents two identical copies of the exterior

Reissner–Nordström space–time region
(

r > r(−)

)

, which are sewed together along

the internal Reissner–Nordström horizon
(

r = r(−)

)

(67). We will show that the

new metric (65), (66) is a solution of the Einstein equations (64) thanks to the

presence of T
(brane)
µν on the r.h.s. Here the newly introduced coordinate η will play

the role of a radial-like coordinate normal w.r.t. the LL-brane located on the throat,

which interpolates between the two Reissner–Nordström “universes” for η > 0 and

η < 0 (the two copies transform into each other under the “parity” transformation

η → −η). Each of these Reissner–Nordström “universes” represents a nonsingular

black hole space–time region since they still contain horizons at η = 2
√

m2 − Q2

and η = −2
√

m2 − Q2, respectively, which correspond to the outer horizon r(+) ≡
m +

√

m2 − Q2 of the standard Reissner–Nordström metric.

As in (36) we will use the simplest embedding for the LL-brane coordinates
(

Xµ
)

≡ (v, η, θi) = (τ, η(τ), σi). In complete analogy with (37), (38) we find that

the LL-brane equations of motion following from the underlying worldvolume action

(4) or, equivalently, (11) yield η(τ) = 0, i.e. the LL-brane automatically locates

itself on the junction (η = 0) between the two Reissner–Nordström “universes.”

The pertinent LL-brane stress–energy tensor (46) or, equivalently, (A.13):

T
µν
(brane) = Sµν δ(η) ,

Sµν ≡ T

ε
√

b0

[

∂τXµ∂τXν − εb0G
ij∂iX

µ∂jX
ν
]

v=τ, η=0, θi=σi

(68)

has the following nonzero components with lower indices and trace (hereafter we

will consider the special case p = 2 for simplicity):

Sηη = ε
T√
b0

, Sij = −T
√

b0Gij , Sλ
λ = −2T

√

b0 . (69)
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Let us now turn to the Einstein equations (64) where we explicitly separate the

terms contributing to δ-function singularities ∼ δ(η) on the l.h.s. These are the

terms containing second-order derivatives w.r.t. η, since the metric coefficients in

(65), (66) are functions of |η| and ∂2
η |η| = 2δ(η). Thus, we have

Rµν ≡ ∂ηΓη
µν − ∂µ∂ν ln

√
−G + nonsingular terms

= 8π

(

Sµν − 1

2
GµνSλ

λ

)

δ(η) + nonsingular terms , (70)

with the LL-brane stress–energy given by (69). Using the explicit expressions for

the Christoffel coefficients:

Γη
vv =

1

2
Ã∂ηÃ , Γη

vη = −1

2
∂ηÃ , Γη

ij = −1

2
ÃGij∂η ln r̃2 ,

√
−G = r̃2 (71)

with Ã(η) and r̃(η) as in (66) and taking into account Ã(0) = 0, it is straightforward

to check that nonzero δ-function contributions in Rµν appear for (µν) = (vη) and

(µν) = (ηη) only. Matching the coefficients in front of the δ(η) on both sides of (70)

yields accordingly (here for consistency we have to choose ε = −1 in (69)):

4πT
√

b0r
2
(−) + r(−) − m = 0 , r(−) =

√
b0

2πT
, (72)

with r(−) as in (67) (radius of the inner Reissner–Nordström horizon). From (72) we

obtain the following expressions for the mass and charge parameters of the Reissner–

Nordström “universes” as functions of T (the LL-brane dynamical tension) and the

free parameter b0 appearing in the LL-brane dynamics (cf. Appendix):

m =

√
b0

2πT
(1 + 2b0) , Q2 =

b0

(2πT )2
(1 + 4b0) . (73)

The wormhole connecting two nonsingular Reissner–Nordström black hole

“universes” constructed above is traversable w.r.t. the proper-time of in-falling par-

ticles (“traveling observers”). This can be directly inferred from the equation for

point-particle motion (cf. Ref. 72, Chap. 8, Sec. 4) along η — “radial geodesics”:

η′2 + Veff(η) =
E2

m2
0

, Veff(η) ≡ Ã(η)

(

1 +
J 2

m2
0r̃

2(η)

)

, (74)

where the prime indicates proper-time derivative, Ã(η) and r̃(η) are the same as in

(66), and m0, E and J denote the particle mass, its conserved energy and conserved

angular momentum. The form of the “effective potential” Veff(η) for J = 0 is

depicted in Fig. 1.

-10 -5 5 10

0.4
0.6

Fig. 1. Shape of Veff(η) as a function of the dimensionless ratio x ≡ η/r(−).
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However, in accordance with the general arguments55 the LL-brane at the worm-

hole throat represents an “exotic matter” since its stress–energy tensor (68), (69)

violates the null-energy condition.

7. Bouncing Cosmology via Lightlike Brane

Finally, let us consider a extension of the model (63) describing Einstein–Maxwell

system interacting with a LL-brane by adding a bare cosmological constant term:

S =

∫

dDx
√
−G

[

R(G)

16π
− Λ

8π
− 1

4
FµνFµν

]

+ SLL . (75)

Accordingly, the Einstein equations of motion read

Rµν − 1

2
GµνR + ΛGµν = 8π

(

T (EM)
µν + T (brane)

µν

)

, (76)

using the same notations as in (63), (64).

Equations (76) in the absence of the LL-brane stress–energy tensor possess

spherically symmetric Reissner–Nordström–de Sitter solution (here again we con-

sider D = 4):

ds2 = −AΛ(r)dt2 +
dr2

AΛ(r)
+ r2(dθ2 + sin2 θ dϕ2) , (77)

or, written in Eddington–Finkelstein coordinates
(

dt = dv − dr
AΛ(r)

)

:

ds2 = −AΛ(r)dv2 + 2dv dr + r2(dθ2 + sin2 θ dϕ2) ,

AΛ(r) = 1 − 2m

r
+

Q2

r2
− Λ

3
r2 .

(78)

For sufficiently large Λ there is only one single horizon at r = r(0) ≡ r(0)(m, Q2, Λ),

where

AΛ

(

r(0)

)

= 0 , ∂rAΛ|r=r(0)
< 0 , i.e. AΛ(r) < 0 for r > r(0) . (79)

Let us now consider the following modification of the Reissner–Nordström–

de Sitter metric (78):

ds2 = ÃΛ(η)dv2 + 2dv dη + r̃2(η)(dθ2 + sin2 θ dϕ2) , (80)

ÃΛ(η) ≡ −AΛ(r(0) + |η|) =
Λ

3
r̃2(η) − Q2

r̃2(η)
+

2m

r̃(η)
− 1 , (81)

where r̃(η) = r(0) + |η| and as above η varies from −∞ to +∞. Because of (79) the

metric component ÃΛ (81) in (80) is always nonnegative:

ÃΛ(η) > 0 for η > 0 or η < 0 ; ÃΛ(0) = 0 . (82)

The metric (80), (81) corresponds to a space–time manifold consisting of two

identical copies of the exterior Reissner–Nordström–de Sitter space–time region
(

r > r(0)

)

— one “universe” for η > 0 and another identical “universe” for η < 0,
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glued together along the single Reissner–Nordström–de Sitter horizon at r = r(0),

i.e. η = 0. Since in the exterior Reissner–Nordström–de Sitter region the coordinates

(t, r) exchange their roles, whereupon r becomes timelike, the same is true for the

coordinate η in (80), (81), i.e. η is timelike coordinate in both “universes” except

at the matching hypersurface η = 0. The latter is directly seen upon transforming

(80) into diagonal form ((v, η) → (ξ, η) with dξ = dv − dη

ÃΛ(η)
):

ds2 = − dη2

ÃΛ(η)
+ ÃΛ(η)dξ2 + r̃2(η)(dθ2 + sin2 θ dϕ2) (83)

with ÃΛ(η) as in (81) and η ∈ (−∞, +∞).

Now, repeating the same steps as in the derivation of the wormhole connecting

two nonsingular black holes in the first part of the present section (Eqs. (65)–(73))

we obtain that the metric (80), (81) is a solution of the Einstein equations (76)

with the LL-brane stress–energy tensor included . Here again T
(brane)
µν has the same

form as in (68), (69), whereas the matching of the coefficients in front of the delta-

functions δ(η) on both sides of (76) yield (cf. Eqs. (72) above):

Λ

3
r(0) +

Q2

r3
(0)

− m

r2
(0)

= 4πT
√

b0 , r(0) =

√
b0

2πT
, (84)

where r(0) ≡ r(0)(m, Q2, Λ) is the single Reissner–Nordström–de Sitter horizon

radius (79). Equations (84) determine m and Q2 as functions of the bare cosmolog-

ical constant Λ, and of T (the LL-brane dynamical tension) and the free parameter

b0 of the LL-brane dynamics (cf. Appendix).

The physical meaning of the space–time manifold with the metric (80), (81)

or (83) can be more clearly seen upon making the following change of the time

coordinate η → η̄ with

dη̄ =
dη

√

ÃΛ(η)
, η̄ ' 1

2
√

A0

sign(η)
√

|η| for small η , (85)

where A0 ≡ −∂rAΛ|r=r(0)
> 0, such that (83) becomes

ds2 = −dη̄2 + ÂΛ(η̄)dξ2 + r̂2(η̄)(dθ2 + sin2 θ dϕ2) , (86)

ÂΛ(η̄) = ÃΛ(η(η̄)) = −AΛ(r(0) + |η(η̄)|) , r̂(η̄) = r(0) + |η(η̄)| , (87)

(here AΛ and r(0) are the same as in (78), (79)). The coordinate singularity of the

metric (83) at η = 0 or of the metric (86) at η̄ = 0 is purely artificial one as it is

absent in the Eddington–Finkelstein form (80).

The new timelike coordinate η̄ varies again from −∞ to +∞. The metric (86)

is a special case of the anisotropic Kantowski–Sachs cosmology,57 where the three

spatial dimensions are having a dynamical evolution. In the present case the two

spherical angular dimensions are having the same dynamical evolution, which pro-

duces a bounce from a nonzero value, while the additional spatial dimension ξ

exhibits a different bounce behavior, namely bouncing from zero size although this
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is not an intrinsic space–time singularity as explained above. A distinguishing fea-

ture of the present solution is that the universe evolving from negative time (η̄ < 0)

undergoes contraction until η̄ = 0, but then proceeds for η̄ > 0 with an expansion

instead of contraction.

8. Discussion and Conclusions

In the present paper we have explicitly constructed a nonsingular black hole as

a self-consistent solution of the equations of motion derived from a well-defined

Lagrangian action principle for a bulk Einstein–Maxwell–Kalb–Ramond system

coupled to a codimension-one charged lightlike p-brane with dynamical (variable)

tension (LL-brane). We stress on the fact that the latter is described by a man-

ifestly reparametrization-invariant worldvolume action of either Polyakov-type or

Nambu–Goto-type which is significantly different from the ordinary Nambu–Goto

p-brane action. The crucial point in our construction is that LL-brane turns out

to be the proper gravitational and charge source in the Einstein–Maxwell–Kalb–

Ramond equations of motion needed to generate a self-consistent solution describing

nonsingular black hole. The latter consists of de Sitter interior region and exte-

rior Reissner–Nordström region glued together along their common horizon, which

is the inner horizon from the Reissner–Nordström side. The matching horizon is

automatically occupied by the LL-brane as a result of its worldvolume Lagrangian

dynamics, which also generates the cosmological constant in the interior region and

uniquely determines the mass and charge parameters of the exterior region. In par-

ticular, Eq. (61) tells us that the size, mass and charge of the nonsingular black

hole might be very small for large β, i.e. provided the LL-brane is strongly coupled

to the bulk Kalb–Ramond gauge field.

Further, we have constructed a self-consistent wormhole solution of Einstein–

Maxwell system coupled to electrically neutral LL-brane, which describes two

regular black hole space–time regions matched along the “throat” which is their

common horizon. The two black hole “universes” are identical copies of the exterior

Reissner–Nordström region above the inner Reissner–Nordström horizon — the

“throat,” which is now occupied by the LL-brane. The corresponding mass and

charge parameters of the black hole “universes” are explicitly determined by the

dynamical LL-brane tension. This also provides an explicit example of Misner–

Wheeler “charge without charge” phenomenon. Provided a sufficiently large bare

cosmological constant is added, we have shown that the above wormhole solution

connecting two nonsingular black holes can be transformed into a cosmological

bouncing solution of Kantowski–Sachs type.

Mechanisms for singularity avoidance in regular black hole solutions have been

thoroughly analyzed in Refs. 53 and 54. Similarly to the previously derived non-

singular black holes, the existence and consistency of the presently proposed regular

black hole solution (Sec. 5) can be attributed to the topology change in the structure

of the corresponding spacelike slices.
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At this point the issue of stability remains an open question. Let us note that

the latter is greatly affected by the nature of the matching shell dynamics, see e.g.

Ref. 68. It was shown there that if the timelike shell separating a Schwarzschild

region from a de Sitter region obeys a “domain wall” equation of state, then the

equation of motion of the wall corresponds to the equation of motion of a particle

in a potential with only one stationary point which is a maximum. This does not

tell us a lot about the LL-brane case since the latter are not ordinary domain

walls. In fact, when additional matter is added on the wall, the wall potential

may acquire a minimum.73 In addition to this, in case when the surface tension

becomes dynamically zero at certain shell radius, the potential of the shell displays

an attractive behavior towards that same radius.74 Another argument in favor of

the stability of the solution in the case of Reissner–Nordström exterior region and

equality of the radial pressures on both sides of the shell (i.e. zero surface tension) is

the following fact. If the radius of the shell is lowered, the de Sitter pressure becomes

bigger than the Reissner–Nordström pressure. The opposite takes place when the

shell radius is increased. All this indicates a “mechanical” argument for stability.

There is, however, a “kinematical” argument against stability since a perturbation

that makes a shell radius bigger than the de Sitter horizon will force the shell to

expand to infinity leading to the creation of a child universe.68

It is not clear how the above arguments can be applied to the case of LL-

branes since the LL-brane worldvolume dynamics forces the latter to locate itself

automatically on certain horizon of the embedding space–time metrics.

The regular black hole solution via LL-brane constructed above may still be

interesting even if it turns out to be unstable, since the instability (if it exists)

appears to be towards formation of a child universe. Furthermore, unstable solu-

tions may play an important role in quantum effects like sphaleron solutions75 in

Glashow–Weinberg–Salam model. All these issues should be a subject of further

studies.

Finally, let us mention that quantum effects may have significant impact on the

fate of black hole singularities, namely, removing them altogether (Refs. 16–19, 76,

77). It would be very interesting to study the quantization of the above Einstein–

Maxwell–Kalb–Ramond system interacting with charged LL-brane where black hole

singularities have been removed already at classical level by the presence of the LL-

brane alone.

Appendix A. Nambu Goto-Type Worldvolume Formulation of

Lightlike Branes

Lets us consider the dual Nambu–Goto-type worldvolume action of the LL-brane:

SNG = −
∫

dp+1σ T

√

∣

∣

∣

∣

det ‖gab − ε
1

T 2
∂au∂bu‖

∣

∣

∣

∣

, ε = ±1 , (A.1)
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where gab indicates the induced metric on the worldvolume (7). The choice of the

sign in (A.1) does not have physical effect because of the nondynamical nature of

the u-field.

The corresponding equations of motion w.r.t. Xµ, u and T read

∂a

(

T
√

|g̃|g̃ab∂bX
µ
)

+ T
√

|g̃|g̃ab∂aXλ∂bX
νΓµ

λν = 0 , (A.2)

∂a

(

1

T

√

|g̃|g̃ab∂bu

)

= 0 , (A.3)

T 2 + εg̃ab∂au∂bu = 0 , (A.4)

where we have introduced the convenient notations

g̃ab ≡ gab − ε
1

T 2
∂au∂bu , g̃ ≡ det ‖g̃ab‖ , (A.5)

and g̃ab is the inverse matrix w.r.t. g̃ab.

From the definition (A.5) and Eq. (A.4) one easily finds that the induced metric

on the worldvolume is singular on-shell (cf. Eq. (23) above):

gab(g̃
bc∂cu) = 0 (A.6)

exhibiting the lightlike nature of the p-brane described by (A.1).

Similarly to the treatment of the LL-brane dynamics within the Polyakov-type

formulation (Sec. 3 above) we can choose the following gauge-fixing of worldvolume

reparametrization invariance (cf. Eqs. (27)):

g̃0i = 0 (i = 1, . . . , p) , g̃00 = −εb0 , b0 = const > 0 . (A.7)

Also, we will use a natural ansatz

u = u(τ) , i.e. ∂iu = 0 , (A.8)

which means that we choose the lightlike direction in Eq. (A.6) to coincide with the

brane proper-time direction on the worldvolume (this is analogous to the ansatz

(28) within the Polyakov-type formulation). With (A.7), (A.8) Eq. (A.3) implies

(cf. Eq. (29) above):

∂0g
(p) = 0 where g(p) ≡ det ‖gij‖ , (A.9)

with gij being the spacelike part of the induced metric (7).

Taking into account (A.7)–(A.9), the equations of motion (A.2)–(A.4) (or, equiv-

alently, (A.6)) reduce to (cf. Eqs. (30)–(34)):

g00 ≡ ẊµGµνẊν = 0 , g0i ≡ ẊµGµν∂iX
ν = 0 , ∂iT = 0 , (A.10)

−∂0(T∂0X
µ) − Tεb0

√

g(p)
∂i

(

√

g(p)gij∂jX
µ
)

+ T (∂0X
ν∂0X

λ − εb0g
kl∂kXν∂lX

λ)Γµ
νλ = 0 . (A.11)
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The LL-brane stress–energy tensor derived from the Nambu–Goto-type action (A.1)

reads (cf. (18)):

T
µν
(brane) = −

∫

dp+1σ
δ(D)(x − X(σ))√

−G
T

√

|g̃|g̃ab∂aXµ∂bX
ν , (A.12)

where the short-hand notation (A.5) is used. For the embedding (36) and taking

into account (A.7) we obtain

T
µν
(brane) = Sµν δ(r − r0) ,

Sµν ≡ T

ε
√

b0

[∂τXµ∂τXν − εb0G
ij∂iX

µ∂jX
ν ]v=τ, r=r0, θi=σi ,

(A.13)

where r0 is a horizon of the bulk space–time metric. The LL-brane stress–energy

tensor (A.13) is identical to the one obtained within the Polyakov-type formulation

(Eq. (46) above) with the identifications

χ = Tb
p−1
2

0 ε
p−2
2 , 2a0 = εb0 , (A.14)

where χ, a0 and b0 are the same as in (10), (31) and (A.7), respectively.

Acknowledgments

E. Nissimov and S. Pacheva are supported by Bulgarian NSF grant DO 02-257.

Also, all of us acknowledge support of our collaboration through the exchange

agreement between the Ben-Gurion University of the Negev (Beer-Sheva, Israel)

and the Bulgarian Academy of Sciences.

References

1. A. Sakharov, Sov. Phys. JETP 22, 241 (1966).
2. E. Gliner, Sov. Phys. JETP 22, 378 (1966).
3. J. Bardeen, Proc. Int. Conf. GR5, Tbilisi, USSR, 1968.
4. M. A. Markov, Sov. Phys. JETP 36, 265 (1982).
5. M. A. Markov, Ann. Phys. 155, 333 (1984).
6. P. F. Gonzalez-Diaz, Lett. Nuovo Cimento 32, 81 (1981).
7. S. Ansoldi, in BH2, Dynamics and Thermodynamics of Black Holes and Naked Sin-

gularities — Proc. Int. Workshop, Milano, May, 2007, arXiv:0802.0330.
8. I. Dymnikova, Gen. Relativ. Gravit. 24, 235 (1992).
9. I. Dymnikova, Int. J. Mod. Phys. D 12, 1015 (2003).

10. I. Dymnikova and E. Galaktionov, Class. Quantum Grav. 22, 2331 (2005), arXiv:gr-
qc/0409049.

11. E. Ayon-Beato and A. Garcia, Phys. Rev. Lett. 80, 5056 (1998), arXiv:gr-qc/9911046.
12. E. Ayon-Beato and A. Garcia, Phys. Lett. B 464, 25 (1999), arXiv:hep-th/9911174.
13. E. Ayon-Beato and A. Garcia, Phys. Lett. B 493, 149 (2000), arXiv:gr-qc/0009077.
14. K. Bronnikov, Phys. Rev. D 63, 044005 (2001), arXiv:gr-qc/0006014.
15. K. Bronnikov, H. Dehnen and V. Melnikov, Gen. Relativ. Gravit. 39, 973 (2007),

arXiv:gr-qc/0611022.
16. P. Nicolini, A. Smailagic and E. Spallucci, Phys. Lett. B 632, 547 (2006), arXiv:gr-

qc/0510112.



March 31, 2010 16:34 WSPC/139-IJMPA S0217751X10049062

Nonsingular Black Holes from Gravity–Matter-Brane Lagrangians 1595

17. S. Ansoldi, P. Nicolini, A. Smailagic and E. Spallucci, Phys. Lett. B 645, 261 (2007),
arXiv:gr-qc/0612035.

18. P. Nicolini, Int. J. Mod. Phys. A 24, 1229 (2009), arXiv:0807.1939.
19. P. Nicolini and E. Spallucci, arXiv:0902.4654.
20. A. Bogojevic and D. Stojkovic, Phys. Rev. D 61, 084011 (2000), arXiv:gr-qc/9804070.
21. W. Shen and S. Zhu, Gen. Relativ. Gravit. 17, 739 (1985).
22. W. Shen and S. Zhu, Nuovo Cimento B 85, 142 (1985).
23. W. Shen and S. Zhu, Phys. Lett. A 126, 229 (1988).
24. O. Grøn, Lett. Nuovo Cimento 44, 177 (1985).
25. O. Grøn and H. Soleng, Phys. Lett. A 138, 89 (1989).
26. E. Poisson and W. Israel, Class. Quantum Grav. 5, L201 (1998).
27. D. Gal’tsov and J. Lemos, Class. Quantum Grav. 18, 1715 (2001), arXiv:gr-

qc/0008076.
28. C. Barrabés and P. Hogan, Singular Null-Hypersurfaces in General Relativity (World

Scientific, Singapore, 2004).
29. V. P. Frolov, M. A. Markov and V. F. Mukhanov, Phys. Lett. B 216, 272 (1989).
30. V. P. Frolov, M. A. Markov and V. F. Mukhanov, Phys. Rev. D 41, 383 (1990).
31. R. Balbinot and E. Poisson, Phys. Rev. D 41, 395 (1990).
32. K. Thorne, R. Price and D. Macdonald (eds.), Black Holes: The Membrane Paradigm

(Yale University Press, New Haven, CT, 1986).
33. W. Israel, Nuovo Cimento B 44, 1 (1966) [Erratum: ibid. 48, 463 (1967)].
34. C. Barrabés and W. Israel, Phys. Rev. D 43, 1129 (1991).
35. T. Dray and G. ’t Hooft, Class. Quantum Grav. 3, 825 (1986).
36. I. Kogan and N. Reis, Int. J. Mod. Phys. A 16, 4567 (2001), arXiv:hep-th/0107163.
37. D. Mateos and S. Ng, J. High Energy Phys. 0208, 005 (2002), arXiv:hep-

th/0205291.
38. D. Mateos, T. Mateos and P. K. Townsend, J. High Energy Phys. 0312, 017 (2003),

arXiv:hep-th/0309114.
39. A. Bredthauer, U. Lindström, J. Persson and L. Wulff, J. High Energy Phys. 0402,

051 (2004), arXiv:hep-th/0401159.
40. C. Barrabés and W. Israel, Phys. Rev. D 71, 064008 (2005), arXiv:gr-qc/0502108.
41. E. Guendelman, A. Kaganovich, E. Nissimov and S. Pacheva, Phys. Rev. D 72,

0806011 (2005), arXiv:hep-th/0507193.
42. E. Guendelman, A. Kaganovich, E. Nissimov and S. Pacheva, Fortschr. Phys. 55, 579

(2007), arXiv:hep-th/0612091.
43. E. Guendelman, A. Kaganovich, E. Nissimov and S. Pacheva, in 4th Int. School on

Modern Mathematical Physics, eds. B. Dragovich and B. Sazdovich (Belgrade Inst.
Phys. Press, Belgrade, 2007), p. 215, arXiv:hep-th/0703114.

44. E. Guendelman, A. Kaganovich, E. Nissimov and S. Pacheva, in Lie Theory and Its

Applications in Physics 07, eds. V. Dobrev and H. Doebner (Heron Press, Sofia, 2008),
p. 79, arXiv:0711.1841.

45. E. Guendelman, A. Kaganovich, E. Nissimov and S. Pacheva, Cent. Eur. J. Phys. 7,
668 (2009), arXiv:0711.2877.

46. E. Guendelman, A. Kaganovich, E. Nissimov and S. Pacheva, in 5th Summer School in

Modern Mathematical Physics, eds. B. Dragovich and Z. Rakic (Belgrade Inst. Phys.
Press, Belgrade, 2009), arXiv:0810.5008.

47. E. Guendelman, A. Kaganovich, E. Nissimov and S. Pacheva, Phys. Lett. B 673, 288
(2009), arXiv:0811.2882.

48. E. Guendelman, A. Kaganovich, E. Nissimov and S. Pacheva, Fortschr. Phys. 57, 566
(2009), arXiv:0901.4443.



March 31, 2010 16:34 WSPC/139-IJMPA S0217751X10049062

1596 E. Guendelman et al.

49. E. Guendelman, A. Kaganovich, E. Nissimov and S. Pacheva, to appear in Int. J.

Mod. Phys. A, arXiv:0904.0401.
50. U. Lindström and H. Svendsen, Int. J. Mod. Phys. A 16, 1347 (2001), arXiv:hep-

th/0007101.
51. W. Israel and E. Poisson, Phys. Rev. Lett. 63, 1663 (1989).
52. W. Israel and E. Poisson, Phys. Rev. D 41, 1796 (1990).
53. A. Borde, Phys. Rev. D 50, 3692 (1994), arXiv:gr-qc/9403049.
54. A. Borde, Phys. Rev. D 55, 7615 (1997), arXiv:gr-qc/9612057.
55. M. Visser, Lorentzian Wormholes. From Einstein to Hawking (Springer, Berlin, 1996).
56. C. Misner and J. Wheeler, Ann. Phys. 2, 525 (1957).
57. R. Kantowski and R. K. Sachs, J. Math. Phys. 7, 443 (1966).
58. A. Aurilia, H. Nicolai and P. K. Townsend, Nucl. Phys. B 176, 509 (1980).
59. A. Aurilia, Y. Takahashi and P. K. Townsend, Phys. Lett. B 95, 265 (1980).
60. E. Guendelman, Class. Quantum Grav. 17, 3673 (2000).
61. E. Guendelman, Phys. Rev. D 63, 046006 (2001).
62. P. K. Townsend, Phys. Lett. B 277, 285 (1992).
63. E. Bergshoeff, L. London and P. K. Townsend, Class. Quantum Grav. 9, 2545 (1992),

arXiv:hep-th/9206026.
64. J. de Azcarraga, J. Izquierdo and P. K. Townsend, Phys. Rev. D 45, R3321 (1992).
65. E. Guendelman, A. Kaganovich, E. Nissimov and S. Pacheva, Phys. Rev. D 66, 046003

(2002), arXiv:hep-th/0203024.
66. A. Eddington, Nature 113, 192 (1924).
67. D. Finkelstein, Phys. Rev. D 110, 965 (1958).
68. S. Blau, E. Guendelman and A. Guth, Phys. Rev. D 35, 1747 (1987).
69. E. Poisson, A Relativist’s Toolkit. The Mathematics of Black-Hole Mechanics (Cam-

bridge University Press, Cambridge, 2004).
70. A. Einstein and N. Rosen, Phys. Rev. 43, 73 (1935).
71. C. Misner, K. Thorne and J. Wheeler, Gravitation (W.H. Freeman, San Francisco,

1973).
72. S. Weinberg, Gravitation and Cosmology (John Wiley and Sons, New York, 1972).
73. E. Guendelman and J. Portnoy, Class. Quantum Grav. 16, 3315 (1999), arXiv:gr-

qc/9901066.
74. E. Guendelman and N. Sakai, Phys. Rev. D 77, 125002 (2008), arXiv:0803.0268.
75. F. R. Klinkhamer and N. S. Manton, Phys. Rev. D 30, 2212 (1984).
76. E. Greenwood and D. Stojkovic, J. High Energy Phys. 0806, 042 (2008),

arXiv:0802.4087.
77. E. Greenwood, D. Stojkovic and J. Wand, arXiv:0906.3250.
78. E. Guendelman, A. Kaganovich, E. Nissimov and S. Pacheva, Phys. Lett. 681, 457

(2009), arXiv:0904.3198.


	Introduction
	Lagrangian Formulation of Einstein -.8ptheight 2.3pt depth -1.6pt width 6pt Maxwell -.8ptheight 2.3pt depth -1.6pt width 6pt Kalb -.8ptheight 2.3pt depth -1.6pt width 6pt Ramond System Interacting with Lightlike Brane
	Lightlike Brane Dynamics
	Lightlike Brane in Spherically Symmetric Backgrounds
	Nonsingular Black Hole Solution
	Wormhole Connecting Two Nonsingular Black Holes
	Bouncing Cosmology via Lightlike Brane
	Discussion and Conclusions
	Appendix A.  Nambu -.8ptheight 2.3pt depth -1.6pt width 6pt Goto-Type Worldvolume Formulation of Lightlike Branes

